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Linear Schrodinger Equation

W.A. Strauss, " Partial Differential Equations” [6]

David J. Griffiths, " Introduction to Quantum Mechanics” [3]

2
/ha\li— —h—v2w+ VaUj

ot

Note: u=V¥, V = e—i and h = h. (In physics, the bar through the h

denotes division by 27, to differentiate it from Planck’s constant.)
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Linear Schrodinger Equation

@ Louie deBroglie suggested that small particles could be thought of as
guided by "'matter waves’, but did not develop mathematical
formalism for the idea - hence " Schrodinger Equation”, rather than
"De Broglie Equation”.

@ Probability of finding a particle between points a and b at a specified

time t. .
/ W (x, £)|2dx
a

@ Defined energy states

Ay = Ex
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Linear Schrodinger Equation

The Hydrogen Atom

1 1
iUy = —EAU ——u

///\u()?, DR d% < oo

Boundary Condition:

N
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Linear Schrodinger Equation: Hydrogen Atom

Let’s suppose a solution exists such that

Then 5 5
au = T'(t)v(X) + T(t)av(i
= T'(t)v(X)
and
Au(x,t) = A(v(X)T(t))
= Av(X)T(t)

N
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Linear Schrodinger Equation: Hydrogen Atom

Substituting:
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Linear Schrodinger Equation: Hydrogen Atom

/

2Di— =\& T’:%I/\T

Linear Schrodinger Equation: Time Component

T(t) _ e—i/\t/2
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Linear Schrodinger Equation: Hydrogen Atom

—Av — 2y 2
— I =A& -Av——-v=)v
v r
Find *A* Solution
@ Impose radial symmetry, v(x) = R(r)
@ Use spherical Laplacian in 3D:

2 29 1 0 1 ., 02
A=or T ror T sn@as T2 55
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Linear Schrodinger Equation: Hydrogen Atom

The Hydrogen Atom: Spacial Component

"Ry~ 2R —2R=)R
r r

Boundary Condition:

/ |R(r)|?r?dr < oo
0

N
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Linear Schrodinger Equation: Hydrogen Atom

Note: ) )
lim (_Rrr ——R, — *R) ~ —R,
r—o00 r r

Then, as r — o0,
—R, = AR

= R=e""

Where —3 = —+/—; sign satisfies boundary conditions.
|dea: Define a new function, w(r) = e R(r)

N
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Linear Schrodinger Equation: Hydrogen Atom

w(r)=e’"R(r) = R=we ",
R = (w, — Bw)e_ﬁr,
Rer = (W — 2w, + BPw)e ™"
Substitute into Hydrogen equation:

2 2
—Ry——-R ——-R=AR
r r

— — wyr +2(8 — %)Wr + (2(8 — 1)%)W =0

N
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Linear Schrodinger Equation: Hydrogen Atom

Theorem [6]

a(t)u” + b(t)u + c(t)u=0
B = limy o toed, v = lime o 25
r, s solutions to the equation x(x — 1) 4+ Sx+ v = 0.

If r — s ¢ 7Z, all solutions are of the form

oo o0
ct" Z pnt" + Dt° Z gnt"
n=0 n=0
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Linear Schrodinger Equation: Hydrogen Atom

Wy +2(8— %)wr B -1 w=0

r

1 1
At r=0, 2((5:1)7) "behaves no worse than [r]~1..." and 2('(3_711))7 "behaves
no worse than [r] 72 near t = 0" [6], so r = 0 is a regular singular point.

= Use power series!
[ee]
w(r) = Z axrk
k=0

INI

SchrédEq Fall 2023 e

A



Linear Schrodinger Equation: Hydrogen Atom

Z k—1Dar ™ =B kaer* + > kart+ (1-B8)> " ark =0
k: k=0 k=0 k=0

Shift k — k — 1 in second and third sums:
[o¢] 1 o0
> [zk(k —1)+ k] a4 =Bk = 1)+ (1= B ak-1r T =0
k=0 k=1

In order for this to be true for all r, need coefficients to be zero

N
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Linear Schrodinger Equation: Hydrogen Atom

k(k+1)
2
R(r) = w(r)e 5,

a = (B — 1)ak—1

a, = (B — Dag 3a, = (2B — Da,
6as = (38 — Daz 10ay = (48 — Das
15as = (58 — Day 2lag = (68 — Das

n 3 A wi(r) v(x)

1 1 -1 1 e

2 —é _-]T 1— —;r e (1 — —‘23')

3 5 -5 =3+ 2k ePll-3r+ 257
1 1

2 5 T

Figure: Selected Coefficients + Solutions [6]
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Linear Schrodinger Equation: Hydrogen Atom

—Av — 2y 2
— I = A& -Av——-v=)v
v r

If | was a physicist...
@ Assume Separation of Variables Again! v(x) = R(r)Y (0, ¢)
@ Use spherical Laplacian in 3D:
0% 290 1 o 1 . 0?

+ = sin(6)

A=t rar T Penie) 00 952

A
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Linear Schrodinger Equation: Hydrogen Atom

1[Yd (LdRY R 0 (. ov\  R_#YV] 1.
" dr 2sing g\ r2sin? 6 0¢? r

= ARY
Divide by RY, multiply by 2r%:
1d /[ ,dR 2l
(e (7)) -2 )
Y |sinf 96 00 sin 0 0¢?

=0
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Linear Schrodinger Equation: Hydrogen Atom

Again, only works if we have

1d<2dR

1
—— =) =2’ =N =1l +
R\ r> 2r [r Al =1(1+1)

and

1 1 0 (. oY 1 0%Y
y {989 (s'”(’aa) * sfnzew} =-lU+1)

N
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Linear Schrodinger Equation: Hydrogen Atom

d [ ,dR )1 -

Define u(r) = rR(r)

= R=u/r,

dR du 1

W:[rE—U]Tz,
d [ ,dR] rd?u
d [, dr] rd*u

dr dr?
1d?u [1  1/(+1)
_Z _ 4 - =\
2.dr? [r 2 r? HeA

N
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Linear Schrodinger Equation: Hydrogen Atom

e21

Ameg r

2 2 2

h ﬂ [ e 1+h I(H—l)]u:Eu

V(r)=—

2m dr? dregr  2m  r?
- _ vV—2mE _ __mé?
Define k = ¥—"=, p = kr, and pg = TmeolZ

2
d<u |:1_po+/(/+1):|u

[ R

N
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Linear Schrodinger Equation: Hydrogen Atom

Examine behavior as p — oo,

d%u

dp?
So u(p) ~ Ae™" as p goes to infinity. Introduce v(p)
u(p) = p"*te " u(p)

Oh look! It's what Strauss did. (Good)

N
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Linear Schrodinger Equation: Hydrogen Atom

0 (. Oy 0% . 2
San% <S|n060> + W = I(I+1)S|n ¢9Y

Separation of Variables Again! Y (6, ¢) = ©(0)®(¢)

1. d (. do O
{@ [sm 9@ (sm 00’0)} + /(I + 1) sin 9} =m

1 d%o )

de?

N
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Linear Schrodinger Equation: Hydrogen Atom

o,
dg? ~
= () = ™

1[. . d /(. do PO
{@ [sm 0% (sm Hdeﬂ + /(I + 1) sin 9} =m
= ©(0) = AP/"(cos )

N
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Linear Schrodinger Equation: Hydrogen Atom

|
P =
0 2,
P =x 5
Pa — 1
Py=1Gx -1 il
Pi=Lli503 -3 | 1 1 |
3 2 <l ] &
Bi= %(3-3;&4&\ +3)
P,
B ?[;-(63\ - 700 + 15x) ’
_1 b—

(a) {b)

Figure: Legendre Polynomials [3]
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Linear Schrodinger Equation: Hydrogen Atom

0 PY= f3cos’ 61 \ .
Py (3 cos ) Pl Piey
Pl =sin® P3=15sin8(1 - cos’0) 3 )
Py=cos @ P'% =155in20 cos® ‘$ Plie) % Jith
P§=355n39 P_{: ;smfiti cos @ — 1) - .
Pl=3sin@ cosf PY= l7(3 cos’ - 3 cos 0) % £ % i)

(a) (0)

Figure: Legendre Functionals P/"(cos ) [3]
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Linear Schrodinger Equation: Hydrogen Atom

Spherical Harmonics

21+ 1 (] — I .
Y9, 6) = \/ g E, - :ZB. ™ P (cos )

| = azimuthal quantum number, m = magnetic quantum number

N
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Non-Linear Schrodinger Equation

General Nonlinear Schrodinger Equation [5]

ive+p: VVu+f(JuP)u=0

u(x, t) is a complex-valued function, p is a dispersion tensor with
real-valued elements, f(s) is a differentiable complex-valued functions such
that f(|ul)? |u—0=0

N
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Non-Linear Schrodinger Equation

NLS From Laser Propogation [2]

. 4n?
2ikotpz(x, y,2) + A + koS ~|uPy =0

@ The NLS is derived from Maxwell's Equations, classical physics

o LS can also be derived by Maxwell's Eqs, using parabolic approximation
to make a boundary problem

AE(x,y,z) + k3E =0 (Helmholtz Eq)

into an initial value problem

@ Describes propogation of linear continuous wave (cw) laser in a

homogeneous Kerr medium
N
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Non-Linear Schrodinger Equation

1D Cubical Focusing NLS

il/JZ(Z,X) + d}xx 4 |¢|2¢ =0

Subcritical, allows solitons

@ Inverse Scattering Theory developed for KdV applied to 1D Cubical
Focusing NLS soliton solutions

@ 1D cubic is integrable - 2D is not

N
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Soliton Solutions

@ Integrable - " a dynamical system with sufficiently many conserved
quantities, or first integrals, such that its behavior has fewer degrees
of freedom than the dimensionality of its phase space.” [7]

o Completely Integrable: "Existence of a maximal set of conserved
quantities.” [7]

@ Dark Solitons - non-localized solitary wave solutions. Intensity profile
exhibit a dip in uniform background [2]

@ https://www.youtube.com/watch?v=xPmV2WWwm68
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Non-Linear Schrodinger Equation

1D Cubical Schrédinger Eq [5]

iug +p: VVu+ qlulu
Where p is the dispersion tensor p;; = %azw/ak,-kj and g = 0w/0|ul?

@ Benjamin-Feir criterion (1967)- instability of Fourier modes creates
soliton solutions

@ "Breather Solutions” useful in fluid dynamics - see [1]

N
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Soliton Solutions

sl
e

Dark Beam
o

e

engm Beam

“Faoum

x

Fig. 1. (Color Online) Formation of DB solitons in photorefractive crystals: the left four panels (adapted from Ref. [27]) showcase the evolution of an initial
condition [panel (a)], upon propagation under linear evolution, leading to dispersion [panel (b)], nonlinear evolution of uncoupled components, again
leading to breakup/dispersion [panel (d)], and under coupled nonlinear evolution [panel (c)]. A similar case example, but for two bright beams, is shown
in the right four panels (adapted from Ref. [28]). The dark (bright) component is shown in the top (bottom) panel.

Figure: From [4]
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Soliton Solutions

Recent (2016) Examples [4]
10 = Hoper + O[([a | + [0l — [ [*)ton + 9G5]
i9epo = Hotpo + O[(|9—11% + [941*)t0 + 2¢0-19054+41]

Yo,+1 are the three vertical spin components, ¢ is the ratio of strengths of
spin-dependent and spin-independent interatomic reactions,

Ho = —(1/2)82 + V(x) + [w_1 1% + [gol? + |41

Not integrable, but reduces to integrable problems when § = 0
(Manakov), § =1 (completely integrable!).
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Soliton Solutions

Has two integrals of motion:

N = / Ntot dx

Where ner = n_1 +ng +n+ 1= [1h_1]? + [1bo|?> + |41/

o0
E= / edx
—00
where the density € reads
j#k
€= 0013102+ V()nj + 3m2) + S5 1y mimic+ 5112

N
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Conclusion

@ Separation of Variables: Take a PDE and Make it and ODE!

e Series solutions are your friend, as always

@ NLS + KdV are related, have intriguing solutions and applications
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